Abstract. For a certain class of non-elliptic constant coefficient partial differential operators P (D) containing the time-dependent free Schrödinger operator as well as non-degenerate parabolic differential operators like the heat operator we give a sufficient condition for open subsets X 1 ⊆ X 2 of R d under which every smooth solution, resp. distributional solution, of the linear partial differential equation P (D)u = 0 in X 1 can be approximated by smooth solutions, resp. distributional solutions, of the same equation in X 2 . Here, as usual, the space of smooth solutions is equipped with the topology of local uniform convergence of all partial derivates in X 1 while the space of distributional solutions is endowed with the relative topology with respect to the strong topology in D ′ (X 1 ). The presented condition does not require any kind of regularity of the boundaries of X 1 or X 2 , respectively.
Introduction
From Runge's classical theorem on rational approximation it follows that for open subsets X 1 and X 2 of the complex plane C for which X 1 is a proper subset of X 2 every function holomorphic in X 1 can be approximated uniformly on compact subsets of X 1 by functions which are holomorphic in X 2 if and only if C\X 1 has no compact connected component which is contained in X 2 . This approximation theorem has been generalized independently by Lax [9] and Malgrange [10] from holomorphic functions, i.e. functions in the kernel of the Cauchy-Riemann operator, to kernels of elliptic constant coefficient differential operators. The analogue approximation problem for the kernel of the heat operator in open subsets X 1 and X 2 of R d has been investigated by Jones for the special case of X 2 = R d [7] and by Diaz [1] for arbitrary X 2 . However, as noted in [3, page 359 ] the proof of the result in [1] contains a gap. The aim of the present paper is to give a sufficient condition for when an approximation result of Runge type holds for kernels of a certain class of non-elliptic constant coefficient differential operators including the time dependent free Schrödinger operator and non-degenerate parabolic operators like the heat operator. The paper is organized as follows. In section 2 we formulate our main result after presenting the framework in which we consider the approximation problem. The proof of the main result is based on a consequence of Grothendieck-Köthe duality Technische Universität Chemnitz, Fakultät für Mathematik, 09107 Chemnitz, Germany E-mail address: thomas.kalmes@mathematik.tu-chemnitz.de .
for kernels of partial differential operators which is derived in section 3. The proof of our main result will be given in section 4. Throughout, we use standard notation from the theory of partial differential operators, see e.g. [5] , [6] , and functional analysis, see e.g. [11] .
Statement of the result
Throughout the paper, P denotes a non-constant polynomial with complex coefficients in d ≥ 2 variables. For an open subset X ⊆ R d we define E P (X) := {u ∈ C ∞ (X); P (D)u = 0 in X}, where for P (ξ) = |α|≤m a α ξ α with a α0 = 0 for some multiindex
We denote by P m (ξ) := |α|=m a α ξ α the principal part of P . We equip C ∞ (X) with its usual Fréchet space topology, i.e. the topology of uniform convergence on compact subsets of X of all partial derivatives which is induced by the family of seminorms
We denote by E (X) the space C ∞ (X) equipped with this Fréchet space topology. Then P (D) is a continuous linear self mapping on E (X) and thus, as a closed subspace of E (X) the space E P (X) is again a Fréchet space. For hypoelliptic polynomials P /differential operators P (D) -by definition -for every open X ⊆ R d the spaces E P (X) and
coincide (that is, every distribution u on X which satisfies P (D)u = 0 in X is already a smooth function). By a result of Malgrange (see e.g. [12, Theorem 52.1]) the spaces E P (X) and D ′ P (X) also coincide as locally convex spaces when the latter is endowed with the relative topology inherited from D ′ (X) equipped with the strong dual topology as the topological dual of D(X). This implies in particular, that for hypoelliptic polynomials the compact-open topology on E P (X) and the relative topology inherited from E (X) coincide. Therefore, for hypoelliptic polynomials P the space E P (X) endowed with the compact-open topology is a Fréchet space. The particular example of the Cauchy-Riemann operator P (D) = 
has dense range. The Lax-Malgrange approximation theorem mentioned in the introduction can then be rephrased that for an elliptic polynomial P (i.e. P m (x) = 0 for all 
and c ∈ R, is called characteristic for P if N is a zero of the principal part P m of P . Moreover, recall that P (D) is surjective on E (X) if and only if X is P -convex for supports, i.e. if and only if 
have dense range. In particular, X 1 and X 2 are then a P -Runge pair.
Remark 2.
It should be noted that a characterization of P -convexity for supports for the class of polynomials appearing in the above theorem has recently been obtained in [8] . Recall that a real valued continuous function f on an open subset X of R d is said to satisfy the minimum principle in a closed set
where ∂ F K is the boundary of K as a subset of F . Defining i) X is P -convex for supports. ii) d X satisfies the minimum principle in every characteristic hyperplane for P . iii) For each compact subset K ⊆ X and every
there is γ : [0, ∞) → X a continuous and piecewise continuously differentiable curve with
where ∂ ∞ X denotes the boundary of X in the one point compactification of R d .
Theorem 1 is in particular applicable to the time dependent free Schrödinger operator P (D) = ∆ x + i ∂ ∂t and non-degenerate parabolic operators like the heat operator
. In order to illustrate our result for this particular operators, we denote as usual in this context elements of R d+1 by (x, t) and (ξ, τ ) with
∂t is hypoelliptic (see e.g. [6, Theorem 11.1.11]). Moreover, we say that a hyperplane in R d+1 is orthogonal to the time axis if it is of the form {(x, t 0 ); x ∈ R d } where t 0 ∈ R. 
the hypothesis of Corollary 3 if and only if no compact connected component of
Apart from the characterization of P -convexity for supports mentioned in Remark 2 the proof of Theorem 1 will be based on a consequence of Grothendieck-Köthe duality which will be derived in the next section.
An approximation result for kernels of differential operators
In this section we prove an approximation result for kernels of differential operators. The equivalence of ii) and iv) of this result is due to Tréves [12, Theorem 26.1] which should be compared to a result due to Malgrange [10] (see also [6 
convex for supports and the restriction map
For the reader's convenience, we include the complete proof here. As in [13] the proof will be based on Grothendieck-Köthe duality, see [4] . We recall some facts of this theory. For Y ⊆ R d open and P -convex for supports, the topological dual space of E P (Y ) is isomorphic to a space of certain distributional solutions u of the equation P (D)u = 0 outside a compact subset of Y which may depend on u. Precisely, recall that for a compact
is called regular at infinity (with respect to E) if for one (and then every) of its essential extensions U it holds that E * P (D)U = U . We set
: u regular at infinity with respect to E},
and thus
is a nuclear Fréchet space. With these spaces we define
Then, in case Y is P -convex for supports, it follows that RD ′P (Y c ) equipped with the inductive limit topology and the dual space E P (Y )
′ of E P (Y ) equipped with the strong topology are topologically isomorphic and that 
Since the dual space of D ′ P (Y 1 ) is canonically isomorphic to the quotient space 
(with respect to the strong topology) and denote the limit by u.
and since by hypothesis Y 2 is P -convex for supports, i.e.
P (D) is surjective on E (Y 2 ) it follows from the Closed Range Theorem for Fréchet spaces thatP (D)(E
′ (Y 2 )) is closed in E ′ (Y 2 ). Thus, there is v ∈ E ′ (Y 2 ) such thatP (D)v = u. By iii) we conclude v ∈ E ′ (Y 1 ), i.e. u ∈P (D) E ′ (Y 1 ) so thať P (D) E ′ (Y 1 ) is closed in E ′ (Y 1 )
. Again by the Closed Range Theorem for Fréchet spaces it follows that
Since the transposed of the restriction r E is given by
we will have shown that iii) implies ii) as soon as we have proved the injectivity of r t E . Because Y 1 and Y 2 are both P -convex for supports, by Grothendieck-Köthe duality r t E is injective precisely when the inclusion
. Let Φ be the isomorphism in (1) . We suppose that r t E Φ(u) = 0, i.e. with duality brackets referring to the dual pair (
where φ is an arbitrary smooth function on R d vanishing in some neighborhood of K and being equal to 1 outside a compact subset of
where the duality brackets now refer to the dual pair (E ′ (Y 2 ), E (Y 2 )). By Grothendieck-Köthe duality, or more precisely the isomorphism (1) for Y 2 , we conclude that there is ψ ∈ E (R d ) vanishing in some open (relatively compact) neighborhood V ⊆ Y 1 of K and being equal to 1 outside a compact set L ⊆ Y 2 such that ψu = 0. Choose ϕ ∈ D(Y 2 ) with ϕ = 1 in a neighborhood U of L\V such that ϕ = 0 in a neighborhood of K.
where 
Since O was an arbitrary open subset of
we finally obtain the existence ofψ ∈ E (R d ) such thatψ = 0 in a neighborhood of V ∪ supp ϕu in Y 1 and such thatψ = 1 outside a compact subset of Y 1 withψu = 0 and thus
i.e. Φ(u) = 0 which finally implies the injectivity of r t E . In order to finish the proof we have to show that ii) implies i). If ii) holds we only have to show that the transposed of the restriction r D ′ is injective. Since Y 1 and Y 2 are P -convex for supports, due to the Grothendieck-Köthe duality, this is equivalent to the injectivity of the inclusion
But ii) implies the injectivity of
Proof of Theorem 1
With Theorem 4 and Remark 2 we have now everything at hand to prove Theorem 1.
Proof of Theorem 1. We denote by W the orthogonal complement in R d of the one dimensional subspace {x ∈ R d ; P m (x) = 0}. Then, every characteristic hyperplane for P is of the form
In view of Theorem 4 we have to show that supp ϕ ⊆ X 1 for every ϕ ∈ D(X 2 ) with suppP (D)ϕ ⊆ X 1 . Thus, let ϕ ∈ D(X 2 ) be such that K := suppP (D)ϕ ⊆ X 1 . Moreover, we fix
We shall show that there is a continuous and piecewise continuously differentiable
where α is continuously differentiable.
Before we prove that such a curve α exists, let us show how the theorem follows from this. Because supp ϕ is a compact subset of X 2 it follows from α 3) that there is T > 0 with α(T ) / ∈ supp ϕ. Moreover, using α 2) we can find 
We define
where ⌊s⌋ denotes the integer part of s. Then f is a polygonal curve in x + W by α 1) and α 4). Obviously, 
where chK denotes the convex hull of K. Setting
which together with the injectivity ofP (D) on D(R d ) implies ϕ 2 = 0. This finally yields ϕ = ϕ 1 ∈ D(X 1 ) so that Theorem 4 gives the desired result once the existence of the curve α is verified. We denote by C the connected component of (X 1 \K) ∩ (x + W ) which contains x. As an open subset of the pathwise connected set x+ W the set C is locally pathwise connected (and connected) hence pathwise connected. We precede by distinguishing two cases. First, let us assume that C is unbounded. Since C is pathwise connected there is a continuous piecewise continuously differentiable curveα : [0, ∞) → C such thatα(0) = x and lim t→∞ |α(t)| = ∞. With this α one easily constructs a curve α as desired, taking into account that C ⊆ (x + W ) impliesα ′ (t) ∈ W everywhere, whereα is differentiable.
Next, let us assume that C is bounded. Since X 1 is assumed to be P -convex for supports it follows from [8, Lemma 4, Corollary 5], see Remark 2 above, that there is a continuous and piecewise continuously differentiable curve γ :
Since we assumed C to be bounded, property iv) of γ yields in fact iv') lim inf t→∞ dist (γ(t), ∂X 1 ) = 0. Let ξ ∈ ∂X 1 and (t n ) n∈N be a strictly increasing sequence in [0, ∞) tending to infinity such that lim n→∞ γ(
d about ξ and we set
Then 1 ∈ I and 
